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Abst rac t - - In  this paper, we study the semicycles of oscillatory solutions of nonlinear difference 
equation with several delays 
l 77~i 
i=1  j= l  
where {Pi(n)} is a real sequence with Pi(n)  >_ 0 for all large n; I, rni, ki j  are positive integers, c~ij 
rrl i (i = 1, 2 . . . . .  l , j  = 1, 2, . . . ,  rni) are nonnegative real numbers with ~ j= i  °'iJ = 1, ( i  = 1, '2 . . . . .  1). 
Upper bound of numbers of terms of semicycles are determined. @ 2001 Elsevier Science Ltd. All 
rights reserved. 
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1. INTRODUCTION 
Consider the nonlinear delay difference quation 
l m i  
22n+1-  Xn nt- E /~ i ( f t )  H ]Xn-k i j l  c~5 s ignxn-k/~ = 0, (1) 
i=1 j= l  
where {Ps(n)} is a real sequence with Pi(n) _> 0 for all large n; l, rni, k~j are positive integers, 
a~j (i = 1,2,. l , j  = 1,2, ..,m~) are nonnegative real numbers with ~j£1a ,z j  = 1 (i = 
1,2,. . .  ,l). 
Recently there has been a lot of activity concerning the oscillations of delay difference quations. 
See, for example, [1-24]. In particular, some sufficient conditions for oscillation of (1) have been 
established. In [20], Zhou and Zhang obtain the following results. 
THEOREM A. Assume that  
Pi(n)_>p~, n_>n0, i=1 ,2  . . . .  ,1. 
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Further, assume that the equation 
l 
A-  I + ~p iA  -K~ =0 
i=1 
(3) 
has no positive real roots, where 
Trz i
I(i = ~--~ctOki j, i = 1,2 . . . .  ,n. 
j= l  
Then every solution of (1) oscillates. 
THEOREM B. Assume that (2) holds. Further, assume that (3) has positive real roots and that 
l 
l imsup ~ t?i(n)A, K' > 1, (4) 
/7---*00 i=1 
where A. is the largest root of (3) on (0, 1]. Then every solution of (1) oscillates. 
Recently, Zhang and Zhou [17] studied the semicycles of solutions of the linear difference 
equation 
x~+l - xn + P (n)xn-k  = O. 
However, to the best of our knowledge, nothing has been done with the semicycles of solutions 
of nonlinear difference equations with several delays. Our purpose in this paper is to study the 
semicycles of solutions of equation (1) along a new method. In Section 2, we deternfine the upper 
bound of numbers of terms of semicycles of (1) in the following two cases: 
(i) when (3) has no positive real roots; 
(ii) when (3) has positive real roots. 
For the sake of convenience, we set 
N[a,b] = {a,a + 1 . . . .  ,b -  1, b}, 
where a, b are integers, and 
k= max {ki j} .  
l< j<mi  
1<i</  
The fl)llowing definitions can be found in [3,5]. 
DEH~UTION 1. (See [3].) A solution {y~} of equation (1) is said to oscillate about zero or s imply 
to oscillate if the terms Yn of  the sequence {y~} are neither eventually all positive nor eventually 
all negative. Otherwise, the solution is called nonoscillatory. 
DE~'[NITION 2. (See [5].) A positive semieycle of a solution {y~} of equation (1) consists of  a 
"string" of  terms {y~, Y~+I, . . . ,  Y~}, a11 greater than or equal to zero, with s > -k  and m <_ oc 
and such that 
either s = "-k or s > -k  and Ys-1 < O, 
a l )d  
either m = oc or m < ec and Ym+l < 0. 
A negative semicycle of a solution {Yn} consists of a "string" of terms {y~, Y.~+I,..., Y,,~}, all less 
than zero, with s >_ -k  and m < oc and such that 
either s = -k  or s > -k  and Ys-1 >_ 0, 
and 
either m = oc or m < oo and ~lm4-1 ~ O. 
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2.  MAIN  RESULTS 
First we define a sequence {Ar}~=l by 
l 
V"  AK +I AI=I ,  Ar+l = l + 2_,Pi r '  , r=1,2 , . . . .  (5) 
i=1 
Clearly, {A,.} is increasing. 
B Next, we also define a sequence { ~}~=1 by 
l 
, B -K¸  B1=1. B~,+I=I -Zp ,  ~ ', r= l ,2 , . . . .  (6) 
i 1 
LEblMA 1. Assume that the sequence {A~} is defined by (5) and that (3) has no positive real 
roots. Then lim~.~o~ A,- = oo. 
PROOF. If not, since {A,.} is increasing, then l im~oo A~. = a > 0 exists. Letting r --+ oc in (5), 
we get 
l 
a = 1 + ~p. ia  K~+I, 
i=1 
which implies that  A = 1/a is a positive root of (3). This is contradiction. The proof is completed. 
LEMMA 2. Assume that the sequence {B~} is defined by (6) and that (3) has positive real roots. 
Then {B~.} is noninereasing and lim~--+o~ B,- - A,, where A, is the largest root of equation (3) on 
(o, 1]. 
PROOF. Since B1 = 1 > ,~., hence, by induction, we have 
l l 
B-K  V-" l - l ( .  
l>B, .+t  = I - Z  pi ~ ' > 1 -2 . _ ,p i  . ' 
i=1 i=1 
A,, r = 1, 2, . . . .  
On the other hand, we find B2 < 1 = B1. By induction, we obtain 
1 l 
B-K  Br+l  : 1 - ZP i  z- ' ~ 1 -  Z t ) i~r -K l l i  : ~'r ", 
i=1 i=1 
r= 1 ,2 , . . . .  
Hence, {B,.} is nonincreasing and bounded. Therefore, lim~.~oo B~ exists. Letting r --+ oo on (6), 
we have l im, -~ B~ = ~.. The proof is completed. 
THEOREM 1. Assume that (2) holds and that (3) has 11o positive real roots. Then evew negative 
semicyele of every eventually nontrivial solution of (1) has at most 3 + Rk terms, and every 
positive semicycle of every eventually nontrivial solution of (1) has at most 3 + Rk consecutive 
terms greater than zero, where 
x-~ A K A 1 R=min]2__ ,p  i r21 ~-> - 
r>2 k ~=1 
(7) 
PROOF. Otherwise, without loss of generality, we assume that {xr~} is a solution of (1) satisfying 
x~ > 0 on N[n l ,n l  + Rk + 2] for any nl  >_ no. Then, Xn-kij > 0, j = 1,2, . . . , re. i ,  i = 1, 2 . . . .  ,1 
on N[n l  + k, nl + Rk + 2]. Therefore, from (1), we have 
Xn _~ Xn+l ,  71 E N [1~'1 -~- ]% n l  -} - /~  -~- 2] .  (8) 
416 
By iteration, we get 
,~kiS+* 
Xn-ki.~ ~_ .~i. 1• Xn+l ~ 
Using now (1),(2), and (9), we have 
1 
P - -K+l  
,?C~z > Xn+l  -F ~_ .~p iz t  1 ' xn+] ,  
i=1 
That is, 
X~" A Ki+l"~ A2x~+l, xn >_ 1 + Lp~ 1 I 32n+1 :
i= l  / 
which gives by iteration 
~kiiq-1 
Xn--ki.i ~ A 2 " 2"n+l, 
Repeating the above procedure, we get 
3.;n ~ AR-1.Tn+I, 
which gives 
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?t C N [?tl -1- 2k, ?'l 1 ~- Rk + 2]. 
n E N [hi + 2k, 711 -F Rk + 2]. 
'tt C N In1 + 2k, ?Z, @ Rk - -  2] , 
n E N [nl + 3k, 111 -~- Rk + 2]. 
?t E N [77,1 -}- ( /~ - 1 )k ,  rh  + Rk + 2] ,  
ak i i+ l  
Xnl+Rk-k;j ~ 2tR21 Xna+Rk+l. 
Hence, from (1) and (11), 
l m 
~=I d=1 
(±)  K i+*  >_ 1 + p,sARL 1 xm+Rk+l = ARX~,,~+Rk+I. 
i= l  
On the other hand, from (10), we have 
ks) 
2Cnl+Rk+l-ki~  ARLI:£nl+Rk. 
Therefore, by (1) and (13), 
:J~i"zI-LRJ~q-I ~ XTZlq-R~q-2 -~- E Pi(~) E (Xr~lq-/~]~-~l ]qij)O:iJ 
i=1 j= l  
l 
Ki 
> E piARL 1 Xnl + Rk. 
i=1 
Then (12) and (14) reduce to 
1 
1 > Xnl+Rk+l A K > EP~ RL1, 
AR - -  Xn l+Rk i=1 
which implies 
l 
Ep iA~i_ IAR < 1. 
i=1 
This contradicts (7) and completes the proof. 
(9) 
(10) 
(Ii) 
(12) 
(13) 
(14) 
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THEOREM 2. Assume that (2) holds and that (3) has positive real roots. Further assume that 
n oo {1,2 , . . .  _ _ there exists a subsequence { ~}.~=1 E } such that tT~,s+l - -  f t s l  < N and Pi(n) > Li and 
that 
1 
Z LiA2 I<~ > 1, 
i=1 
where A. is the largest root of (3) on (0, 1]. Then every negative semieyele of every eventually 
nontz~vial solution of (1) has at most N + 2Rk + 2 terms, and every positive semicyele of every 
eventually nontrivial solution of (1) has at most N + 2Rk + 2 consecutive terms greater than 
zero~ where 
PROOF. Otherwise, without loss of generality, we assume that {x~} is a solution of (1) satisfying 
x,~ > 0 on N[n l , 'n14 N+2Rk+3]  for any nl _> no. Then there exists an g~ such that  
N[g.~ - Rk,~7.~ + 1] c N[n l ,n l  + (N - 1) + 2(Rk + 2)]. Hence, xn-~u > 0, j = 1 ,2 , . . . ,m~,  
i = 1 ,2 , . . . ,1  on N[g~ -- Rk + k ,g ,  + 1]. Therefore, from (1), we have 
x~ > x~+l, n E N [~ - Rk + k,7~ + 1]. (16) 
By iteration, we get 
x~ k u > B lkuX~,  n e N[g~ - Rk + 2k, gs + l]. (17) 
Using now (1), (2), and (17), we have 
l 
X n ~ 3:n_F1 -[- ~-~.piB~K'xn, 
i=1 
n E N[g~ - Rk + 2k,g~ + 1]. 
That  is, 
Xn+ 1 ~ 1 -- piB ' 
which gives by iteration 
Xn = B2Xn,  n E N[g~ - Rk + 2k,gs + l], 
x,~_k,, >_B~kUx~, ncN[g , -Rk+3k,  g~+l ] .  
Repeating the above procedure, we get 
Xn+l ~ B t t - lXn ,  'i7 E N [as - k, i~s + 1], (18) 
which gives 
Hence, from (1) and (19), 
(19) 
3;~.. i=1 j= l  \ X~7.. / 
l 
i=1 
(20) 
which contradicts (15) and completes the proof. 
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EXAMPLE 1. Consider the delay difference equation 
1 1 
Xn+l -- Xn Jr- -~Xrz-- 2 ~- ~ [Xn_211/2 sign a,~-2 Ix,z-411/2 sign Xn-4 = 0, (21) 
where pl = 1/2, K1 = 2, P2 = 1/4, k21 = 2, k22 = 4, oz2i = 0z22 = 1/2. Since 
z Pi(K~ + 1) K'+I 1 33 1 44 
i=~l K//(~ =~ × 2 -2+~ × ~5 >1 '  
By Theorem 1 in [4], we know that  (3) has no positive roots. 
Clearly, A1 = 1, A2 = 1 + 1/2 + 1/4 = 7/4, and 
2 
K~ 1 7 1 7 
1.3125 > 1. PiA1 A2= 2 x 4+4 x 4 
z=l 
Hence, I~ = 2. Therefore, every negative semicycle of every eventually nontrivial solution of (21) 
has at most 3 + 2 x 4 = 11 terms, and every positive semicycle of every eventually nontrivial 
solution of (21) has at most seven consecutive terms greater than zero. 
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